In the previous paper, we studied the "Toy models for D. H. Lehmer's conjecture". Namely, we showed that the m-th Fourier coefficient of the weighted theta series of the Z 2 -lattice and the A 2 -lattice does not vanish, when the shell of norm m of those lattices is not the empty set. In other words, the spherical 4 (resp. 6)-design does not exist among the nonempty shells in the Z 2 -lattice (resp. A 2 -lattice).
Introduction
The concept of spherical t-design is due to Delsarte-Goethals-Seidel [7] . For a positive integer t, a finite nonempty subset X of the unit sphere
is called a spherical t-design on S n−1 if the following condition is satisfied:
for all polynomials f (x) = f (x 1 , x 2 , · · · , x n ) of degree not exceeding t. Here, the righthand side means the surface integral on the sphere, and |S n−1 | denotes the surface volume of the sphere S n−1 . The meaning of spherical tdesign is that the average value of the integral of any polynomial of degree up to t on the sphere is replaced by the average value at a finite set on the sphere. A finite subset X in S n−1 (r), the sphere of radius r centered at the origin, is also called a spherical t-design if 1 r X is a spherical t-design on the unit sphere S n−1 . We denote by Harm j (R n ) the set of homogeneous harmonic polynomials of degree j on R n . It is well known that X is a spherical t-design if and only if the condition x∈X P (x) = 0 holds for all P ∈ Harm j (R n ) with 1 ≤ j ≤ t. If the set X is antipodal, that is −X = X, and j is odd, then the above condition is fulfilled automatically. So we reformulate the condition of spherical t-design on the antipodal set as follows: Proposition 1.1. A nonempty finite antipodal subset X ⊂ S n−1 is a spherical 2s + 1-design if the condition x∈X P (x) = 0 holds for all P ∈ Harm 2j (R n ) with 2 ≤ 2j ≤ 2s.
It is known [7] that there is a natural lower bound (Fisher type inequality) for the size of a spherical t-design in S n−1 . Namely, if X is a spherical t-design in S n−1 , then A lattice in R n is a subset Λ ⊂ R n with the property that there exists a basis {v 1 , · · · , v n } of R n such that Λ = Zv 1 ⊕ · · · ⊕ Zv n , i.e., Λ consists of all integral linear combinations of the vectors v 1 , · · · , v n . The dual lattice Λ is the lattice Λ ♯ := {y ∈ R n | (y, x) ∈ Z, for all x ∈ Λ},
where (x, y) is the standard Euclidean inner product. The lattice Λ is called integral if (x, y) ∈ Z for all x, y ∈ Λ. An integral lattice is called even if (x, x) ∈ 2Z for all x ∈ Λ, and it is odd otherwise. An integral lattice is called unimodular if Λ ♯ = Λ. For a lattice Λ and a positive real number m > 0, the shell of norm m of Λ is defined by Λ m := {x ∈ Λ | (x, x) = m} = Λ ∩ S n−1 (m).
Let H := {z ∈ C | Im (z) > 0} be the upper half-plane. Definition 1.1. Let Λ be the lattice of R n . Then for a polynomial P , the function is called the theta series of Λ weighted by P . Remark 1.1 (See Hecke [8] , Schoeneberg [18, 19] ). (i) When P = 1, we get the classical theta series Θ Λ (z) = Θ Λ,1 (z) = m≥0 |Λ m |q m , where q = e πiz .
(ii) The weighted theta series can be written as These weighted theta series have been used efficiently for the study of spherical designs which are the nonempty shells of Euclidean lattices. (See [22, 23, 5, 15, 6] . See also [2] .) Lemma 1.1 (cf. [22, 23] , [15, Lemma 5] ). Let Λ be an integral lattice in R n . Then, for m > 0, the non-empty shell Λ m is a spherical t-design if and only if The theta series of Λ weighted by P is a modular form for some subgroup of SL 2 (R). We recall the definition of the modular forms. Definition 1.2. Let Γ ⊂ SL 2 (R) be a Fuchsian group of the first kind and let χ be a character of Γ. A holomorphic function f : H → C is called a modular form of weight k for Γ with respect to χ, if the following conditions are satisfied:
(ii) f (z) is holomorphic at every cusp of Γ.
If f (z) has period N, then f (z) has a Fourier expansion at infinity, [10] :
We remark that for m < 0, a m = 0, by the condition (ii). A modular form with constant term a 0 = 0, is called a cusp form. We denote by M k (Γ, χ) (resp. S k (Γ, χ)) the space of modular forms (resp. cusp forms) with respect to Γ with the character χ. When f is the normalized eigenform of Hecke operators, p.163, [10] , the Fourier coefficients satisfy the following relations:
is the normalized eigenform of Hecke operators, then the Fourier coefficients of f (z) satisfy the following relations:
is the normalized eigenform of Hecke operators, [10] . So, the coefficients of f (z) have the relations as mentioned in Lemma 1.2. It is known that
for all primes p. Note that this is the Ramanujan conjecture and its generalization, called the Ramanujan-Petersson conjecture for cusp forms which are eigenforms of the Hecke operators. These conjectures were proved by Deligne as a consequence of his proof of the Weil conjectures, [10, page 164], [9] . Moreover, for a prime p with χ(p) = 1 the following equation holds, [11] .
where 2 cos θ p = a(p)p −(k−1)/2 . It is well known that the theta series of Λ ⊂ R n weighted by harmonic polynomial P ∈ Harm j (R n ) is a modular form of weight n/2 + j for some subgroup Γ ⊂ SL 2 (R). In particular, when deg(P ) ≥ 1, the theta series of Λ weighted by P is a cusp form.
For example, we consider the even unimodular lattice Λ. Then the theta series of Λ weighted by harmonic polynomial P , Θ Λ,P (z), is a modular form with respect to SL 2 (Z). Example 1.1. Let Λ be the E 8 -lattice. This is an even unimodular lattice of R 8 , generated by the E 8 root system. The theta series is as follows:
where σ 3 (m) is a divisor function σ 3 (m) = 0<d|m d 3 . For j = 2, 4 and 6, the theta series of Λ weighted by P ∈ Harm j (R 8 ) is a weight 6, 8 and 10 cusp form with respect to SL 2 (Z). However, it is well known that for k = 6, 8 and 10, dim S k (SL 2 (Z)) = 0, that is, Θ Λ,P (z) = 0. Then by Lemma 1.1, all the nonempty shells of E 8 -lattice are spherical 6-design.
For j = 8, the theta series of Λ weighted by P is a weight 12 cusp form with respect to SL 2 (Z). Such a cusp form is uniquely determined up to constant, i.e., it is Ramanujan's delta function:
The following proposition is due to Venkov, de la Harpe and Pache [5, 6, 15, 22] . Proposition 1.2 (cf. [15] ). Let the notation be the same as above. Then the following are equivalent:
It is a famous conjecture of Lehmer that τ (m) = 0. So, Proposition 1.2 gives a reformulation of Lehmer's conjecture. Lehmer proved in [11] the following theorem. Theorem 1.1 (cf. [11] ). Let m 0 be the least value of m for which τ (m) = 0. Then m 0 is a prime if it is finite.
There are many attempts to study Lehmer's conjecture ( [11, 20] ), but it is difficult to prove and it is still open.
Recently, however, we showed the "Toy models for D. H. Lehmer's conjecture" [3] . We take the two cases Z 2 -lattice and A 2 -lattice. Then, we consider the analogue of Lehmer's conjecture corresponding to the theta series weighted by some harmonic polynomial P . Namely, we show that the m-th coefficient of the weighted theta series of Z 2 -lattice does not vanish when the shell of norm m of those lattices is not an empty set. Or equivalently, we show the following result. Theorem 1.2 (cf. [3] ). The nonempty shells in Z 2 -lattice (resp. A 2 -lattice) are not spherical 4-designs (resp. 6-designs).
This paper is sequel to the previous paper [3] . In this paper, we take some lattices related to the imaginary quadratic fields. Let K = Q( √ −d) be an imaginary quadratic field, and let O K be its ring of algebraic integers. Let Cl K be the ideal classes. In this paper, we only consider the cases | Cl K | = 1 and | Cl K | = 2 except for Section 6. So, when we consider the cases | Cl K | = 1 and | Cl K | = 2, we denote by o (resp. a) the principal (resp. nonprincipal) ideal class.
We denote by d K the discriminant of K: 
Therefore, we consider O K to be the lattice in R 2 with the basis
Generally, it is well-known that there exists one-to-one correspondence between the set of reduced quadratic forms f (x, y) with a fundamental discriminant d K < 0 and the set of fractional ideal classes of the unique quadratic field Q( √ −d) [24, page 94] . Namely, For a fractional ideal A = Zα + Zβ, we obtain the quadratic form ax 2 + bxy + cy 2 , where a = αα ′ /N(A), b = (αβ ′ + α ′ β)/N(A) and c = ββ ′ /N(A). Conversely, for a quadratic form ax 2 + bxy + cy 2 , we obtain the fractional ideal
. We remark that N(A) is a norm of A and α ′ is a complex conjugate of α. Here, we define the automorphism group of f (x, y) as follows:
Then, for n ≥ 1, the number of the nonequivalent solutions of f (x, y) = n under the action of U f is equal to the number of the integral ideals of norm n [24] . . Let f (x, y) be the reduced quadratic form with a fundamental discriminant D < 0 and U f be the automorphism group of f (x, y). Then
These classical results are due to Gauss, Dirichlet, etc. Let a be an ideal class and f a (x, y) be the reduced quadratic form corresponding to a. Moreover, let L a be the lattice corresponding to f (x, y). We denote by N(A) the norm of an ideal A. Then, using Theorem 1.4, we have
When | Cl K | = 2, we give the generators of L a in Appendix. Here, we remark that when
We studied the spherical designs of shells of those lattices in the previous paper [3] .
In this paper, we take the imaginary quadratic fields Q( √ −d), with d = 1 and d = 3. Then, we consider the analogue of Lehmer's conjecture corresponding to its theta series weighted by some harmonic polynomial P . Here, we consider the following problem that whether the nonempty shells of L o and L a are spherical 2-designs (hence 3-designs) or not.
In Section 4, we study the case that the class number is 1. We show that the m-th coefficient of the weighted theta series of L o -lattice does not vanish when the shell of norm m of those lattices is not an empty set. Or equivalently, we show the following result:
be an imaginary quadratic field whose class number is 1 and d = 1, 3 i.e., d is in the following set: {2, 7, 11, 19, 43, 67, 163}. Then, the nonempty shells in L o are not spherical 2-designs.
Similarly, in Section 5, we study the case that the class number is 2 and show the following result:
be an imaginary quadratic field whose class number is 2 i.e., d is in the following set: {5, 6, 10, 13, 15, 22, 35, 37, 51, 58, 91, 115, 123, 187, 235, 267, 403, 427}. Then, the nonempty shells in L o and L a are not spherical 2-designs.
In Section 6, we consider the case that the class number is 3 and study the property of Heche characters. In Section 7, we give some concluding remarks and state a conjecture for the future study.
Preliminaries
In this section, we review the theory of imaginary quadratic fields. 
, where P and P are prime ideals with P = P , N(P ) = N(P ) = p (resp. N(P ) = 2).
If p is an odd prime and (d
, where P is a prime ideal with N(P ) = p 2 (resp. N(P ) = 4).
where P is a prime ideal with N(P ) = p.
Lemma 2.1. Let I be an integral ideal of K. For n ∈ N, if N(I) = n and I is a principal ideal, namely, I ∈ o then there exist a, b ∈ Z such that for
If | Cl K | = 2, N(I) = n and I is a nonprincipal ideal, namely, I ∈ a and assume that m is one of the norm of nonprincipal ideals then there exist a, b ∈ Z such that for −d ≡ 2, 3 (mod 4)
Proof. We assume that
. Here, we assume that | Cl K | = 2. Let J be the nonprincipal ideal of K whose norm is m. If I is a nonprincipal ideal then, JI is a principal ideal of K. Therefore, for −d ≡ 2, 3 (mod 4), we can write
Proposition 2.1. Let F (m) be the number of the integral ideals of norm m of K. Let p be a prime number. Then, if p = 2
, (p) = P P and P = P , since P and P are the only integral ideals of norm p, we have F (p) = 2. Moreover, the integral ideals of norm p e are as follows: P e , P e−1 P , . . . , (P ) e . So, we have F (p e ) = e + 1. The other cases can be proved similarly.
Hecke characters and Theta series
In this section, we introduce the Hecke character and discuss the relationships between the Hecke character and the weighted theta series of the lattices L o and L a . Then, we show that for | Cl K | = 1 and P 1 = (x 2 −y 2 )/2, the weighted theta series Θ Lo,P 1 is a normalized Hecke eigenform. For | Cl K | = 2 and P 2 = x 2 −y 2 , a certain sum of the two weighted theta series c 1 Θ Lo,P 2 +c 2 Θ La,P 2 is a normalized Hecke eigenform. Later, we give the explicit values of c 1 and c 2 .
A Hecke character φ of weight k ≥ 2 with modulus Λ is defined in the following way. Let Λ be a nontrivial ideal in O K and let I(Λ) denote the group of fractional ideals prime to Λ. A Hecke character φ with modulus Λ is a homomorphism
Let ω φ be the Dirichlet character with the property that
for every integer n coprime to Λ. 
where the sum is over the integral ideals A that are prime to Λ and N(A) is the norm of the ideal A.
We remark that function (8) is a normalized Hecke eigenform [1, 21] . Moreover, if the class number of K is h then the character as given in (7) will have h extensions to nonprincipal ideals. Namely, the function (8) has h choices, so we denote by Ψ
K,Λ (z) each functions (see [16] ). Example 3.1.
(
We calculate Ψ K,Λ (z) = m≥1 a(m)q m , where Λ = (1) and the weight of the Hecke character is 3. We remark that | Cl K | = 1. By the Table 1 : Integral ideals of small norm of d = 2 and d = 5
definitions (7) and (8), we have a(1) = 1
We calculate Ψ K,Λ (z) = m≥1 a(m)q m , where Λ = (1) and the weight of the Hecke character is 3. We remark that
On the other hand, we assume that φ((2, 1 + √ −5)) = −2, i.e., a(2) = −2. Then, we have
Here, we discuss the relationships between the Hecke character and the weighted theta series of the lattices L o and L a . First, we quote the following theorem:
Theorem 3.2 (cf. [13, page 192] ). Let L be an integral lattice with the Gram matrix A and N be the natural number such that the elements of NA −1 are rational integers. Let the character χ(d) be
(3) If all the diagonal elements of A and NA
Then, we obtain the following lemmas: Lemma 3.1. Let K be an imaginary quadratic field whose class number is 1 and L o be the lattice corresponding to the principal ideal class o. Let φ be the Hecke character of weight 3 with modulus Λ. Assume that Λ = (1) and
Lemma 3.2. Let K be an imaginary quadratic field whose class number is 2 and L o (resp. L a ) be the lattice corresponding to the principal ideal class o (resp. nonprincipal ideal class a). Let φ be the Hecke character of weight 3 with modulus Λ. Assume that Λ = (1) and 
Because of the Theorems 3.1 and 3.2, Ψ K,Λ (q), Θ Lo,P (q) and Θ La,P (q) with P = P 1 , P 2 are modular forms of the same group Γ. Therefore, we calculate the basis of the space of modular forms of group Γ and check Ψ K,Λ (q) = Θ Lo,P 1 (q) and Ψ K,Λ (q) = c 1 Θ Lo,P 2 (q) + c 2 Θ La,P 2 (q) explicitly (using "Sage", Mathematics Software [17] ). 
Proof. The function (8) is a normalized Hecke eigenform [1, 21] .
Finally, we give the following proposition, which is an analogue of Theorem 1.1 and the crucial part of the proof of Theorems 1.5 and 1.6. Proof. Assume the contrary, that is, α 0 > 1, so that a(p) = 0. By the equation (5),
This shows that θ p is a real number of the form θ p = πk/(1 + α 0 ), where k is an integer. Now the number
being twice the cosine of a rational multiple of 2π, is an algebraic integer. On the other hand z is a root of the equation
Hence z is a rational integer. By (4) and (9), we have |z| ≤ 1. Therefore z = ±1 and the equation (10) becomes a(p) = ±p. By assumption, this is a contradiction. 4 The case of | Cl K | = 1 [3] .
In this section, we assume that a(m) and b(m) are the coefficients of the following functions:
where
Lemma 4.1. Let d be one of the elements in {2, 7, 11, 19, 43, 67, 163}. We set a ′ (m) = a(m)/2 for all m. Then,
Proof. Because of the equation (6), a ′ (m) is the number of integral ideals of K of norm m. Therefore, it can be proved by Proposition 2.1.
Proof. We remark that by Corollary 3.1, Θ Lo,P 1 (q) = Ψ K,Λ (q). So, the numbers b(m) are the coefficients of Ψ K,Λ (q).
First, we assume that d = 2 i.e., −d ≡ 1 (mod 4) and
Because of the definition of Ψ K,Λ (q),
is equal to p then by Lemma 2.1
If b(p) = 0 then a 2 = db 2 . This is a contradiction. Assume that b(p) = ±p. Then,
that is, a 2 = 3db 2 or 3a 2 = db 2 . This is a contradiction. Next, we assume that d = 2 i.e., −d ≡ 2 (mod 4) and
If b(p) = 0 then a 2 = 2b 2 . This is a contradiction. Assume that b(p) = ±p. Then,
that is, a 2 = 6b 2 or 3a 2 = 2b 2 . This is a contradiction.
Proof of Theorem 1.5. We will show that b(m) = 0 when (L o ) m = ∅. By Theorem 3.1, Θ Lo,P 1 is a normalized Hecke eigenform. So, We assume that m is a power of prime, if not we could apply the equation (2) . We will divide our considerations into the following three cases. 
The case of | Cl
be an imaginary quadratic field. In this section, we assume that the class number of K is 2. So, we consider that d is in the following set: {5, 6, 10, 13, 15, 22, 35, 37, 51, 58, 91, 115, 123, 187, 235, 267, 403, 427}. We denote by o (resp. a) the principal (resp. nonprincipal) ideal class.
In this section, we also assume that a(m) and b(m) are the coefficients of the following functions:
where c 1 and c 2 are defined in Lemma 3.2.
Proof. Let p be the prime number such that (d K /p) = 1. Then there exist prime ideals P and P ′ such that (p) = P P ′ and N(P ) = N(P ′ ) = p. Since the class number is 2, we have P and P ′ ∈ o or P and P ′ ∈ a. If P and P ′ ∈ o we denote by p i such a prime. If P and P ′ ∈ a we denote by p ′ i such a prime.
Let p be the prime number such that (d K /p) = −1. Then (p) is the prime ideal and N((p)) = p 2 . We denote by q i such a prime. Let p be the prime number such that p | d K . Then there exists a prime ideal P such that (p) = P 2 and N(P ) = p. Since the class number is 2, we have P ∈ o or P ∈ a. If P ∈ o we denote by r i such a prime. If P ∈ a we denote by r ′ i such a prime. We take the element n ∈ l 1 ∩ l 2 and perform a prime factorization, n = 
Proof. We remark that by Corollary 3.1, c 1 Θ Lo,P 2 (q)+c 2 Θ La,P 2 (q) = Ψ K,Λ (q). So, the numbers b(m) are the coefficients of Ψ K,Λ (q).
We set N(J) = p. When J is a principal ideal, it can be proved by the similar method in Lemma 4.2. So, we assume that J is nonprincipal.
We list the smallest prime number m such that m | d K and m ∈ {N(I) | I ∈ a}, and the values b(m) are in Table 3 . First, we assume that −d ≡ 2 or 
Since b(mp) = b(m)b(p) and the value of b(m) in Table 3 , we have
This is a contradiction. Assume that b(p) = ±p. Then,
that is, a 2 = 3db 2 or 3a 2 = db 2 . This is a contradiction. Next, we assume that −d ≡ 1 (mod 4). If N(J) is equal to p then by Lemma 2.1 there exist a, b ∈ Z such that
. This is a contradiction.
Proof of Theorem 1.6. Because of Lemma 5.1, it is enough to show that
By Theorem 3.1, c 1 Θ Lo,P 2 + c 2 Θ La,P 2 is a normalized Hecke eigenform. So, We assume that m is a power of prime, if not we could apply the equation (2) . We will divide into the three cases. 6 The case of | Cl K | = 3
In the previous sections, we studied the cases of class number h = | Cl K | is either 1 or 2. However, it seems that the situation is somewhat different for the cases of class numbers h ≥ 3. In this section, we discuss briefly how it is different, by considering the case of d = 23 (h = 3).
We first remark that one reason of success for the cases h = 1 and h = 2 is that the coefficients a(m) of the Hecke eigenform Ψ K,Λ are all integers. Therefore, by the formula (10) z = a(p)/p is a rational number (and since it is an algebraic integer), and so it must be a rational integer. It seems that this situation is no more true in general for the cases of h ≥ 3. We will give more details information, concentrating the special (and typical) case of d = 23.
We denoted by o, a 1 and a 2 the ideal classes. The corresponding quadratic forms are x 2 + xy + 6y 2 , 2x 2 − xy + 3y 2 and 2x
, respectively. We give the weighed theta series of those ideal lattices. We set P 1 = x 2 − y 2 and P 2 = xy in this section. We calculate the Hecke character of weight 3 and modulus (1), i.e, we calculate Ψ K,Λ = m≥1 a(m)q m , where Λ = (1) and k = 3. When A of norm m is a nonprincipal ideal, A 3 is a principal ideal. Then we set φ(A)
) is one of the roots of
We denote by α 1 , α 2 and α 3 the roots of equation (11) (2)).
We get
By the equation
We recall α 1 ∼ −1.86272 + 0.728188i. Then, we obtain
Actually, it is possible to continue this calculation, but we need the information on the basis of all the ideals, which is rather complicated. So, we determine the Hecke eigenforms Ψ (i) K,Λ by a different method. By computer calculation (using "Sage" [17] ), we know that the space of the modular forms of weight 3 where Ψ K,Λ belongs is of dimension 3. We can calculate the basis of this modular form explicitly, and the three basis elements are of the form:
On the other hand, because of Theorems 3.1 and 3.2, Θ Lo,P 1 , Θ La 1 ,P 1 and Θ La 2 ,P 2 are in the same space of Hecke eigenforms Ψ (i) K,Λ . Therefore, comparing the first three coefficients of the following equation:
we can find numbers a and b as follows: In this way, we can calculate the Hecke eigenforms Ψ The coefficients a(m) for this case are far from integers. In fact they are not elements in a cyclotomic number field in general. So, it seems difficult to use the Hecke eigenforms obtained this way to apply for the case of the class number 3 or more in general. Some new additional ideas will be needed to treat the case of d = 23 or more generally the cases of class numbers h ≥ 3.
We have included the presentation of the results (although they are not conclusive) for d = 23, hoping that it might help the reader for the future study on this topic.
Remark 6.1. We remark that the coefficients of Ψ 
Concluding Remarks
(1) In this paper, we use the mathematics software "Sage" [17] . In particular, The results in Tables 1 and 4 are compute by "Sage" using the command "K.ideals of bdd norm()". We remark that this command do not always give a Z-basis of ideal. We must make sure the command "(ideal).basis()".
(2) In Appendix C, we list theta series of lattices obtained from Q( √ −5). The other cases are listed in one of the auther's website [12] .
(3) In the previous paper [3] , we studied the spherical designs in the nonempty shells of the Z 2 -lattice and A 2 -lattice. The results state that any shells in the Z 2 -lattice (resp. A 2 -lattice) are spherical 2-design (resp. 4-design). However, the nonempty shells in the Z 2 -lattice (resp. A 2 -lattice) are not spherical 4-design (resp. 6-design). It is interesting to note that no spherical 6-design among the nonempty shells of any Euclidean lattice of 2-dimension is known. It is an interesting open problem to prove or disprove whether these exists any 6-design which is a shell of a Euclidean lattice of 2-dimension.
Responding to the authors' request, Junichi Shigezumi performed computer calculations to determine whether there are spherical t-designs for bigger t, in the 2-and 3-dimensional cases. His calculation shows that among the nonempty shells of integral lattices in 2-dimension (with relatively small discriminant and small norms), there are only 4-designs. That is, no 6-designs were found. (So far, all examples of such 4-designs are the union of vertices of regular 6-gons, although they are the nonempty shells of many different lattices). In the 3-dimensional case, all examples obtained are only 2-designs. No 4-designs which are shells of a lattice were found. It is an interesting open problem whether this is true in general for the dimensions 2 and 3. Moreover, it is interesting to note that no spherical 12-design among the nonempty shells of any Euclidean lattice (of any dimension) is known. It is also an interesting open problem to prove or disprove whether these exists any 12-design which is a shell of a Euclidean lattice.
Finally, we state the following conjecture for the 2-dimensional lattices.
Conjecture 7.1. Let L be the Euclidean lattice of 2-dimension, whose quadratic form is ax 2 + bxy + cy 2 . (iii) Otherwise, all the nonempty shells of L are not spherical 2-designs.
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